#o = dimensionless group, defined by Equation (54)
$(1) = surface age distribution function
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Falling Cylinder Viscometer for

Non-Newtonian Fluids

EDWARD ASHARE, R. BYRON BIRD

University of Wisconsin, Madison, Wisconsin

and JAIME A. LESCARBOURA

University of Kansas, Lawrence, Kansas

It is shown how previous analyses of the falling cylinder viscometer for Newtonian fluids can
be extended to non-Newtonian fluids. Specific relations are given for the velocity of descent
for several simple non-Newtonian viscosity functions. A differentiation procedure is presented
whereby the non-Newtonian viscosity for a fluid can be deduced from velocity of fall measure-
ments. In the course of the development, some useful approximate expressions for axial non-
Newtonian flow in annuli are developed. Finally, a comparison of the Ellis and power law
models is made by an analysis of the axial annular flow data of Frederickson and of McEachern.

The falling cylinder viscometer consists of a long cylin-
drical container filled with fluid in which a fairly tight-
fitting cylindrical slug is allowed to fall under the influ-
ence of gravity (see Figure 1). As the cylinder falls, the
fluid flows up through the narrow annular slit formed by
the cylindrical tube and the falling cylinder. One can
measure the rate of steady state descent of the cylinder,
and thereby obtain viscometric information. Possible ap-
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plications of such a device are in: (1) high-pressure
measurements, where the sample must be contained in a
tight, sturdy cylindrical tube; and (2) biological meas-
urements, where the sample must have minimum contact
with the atmosphere.

This system has already been studied for Newtonian
fluids. Apparently the earliest analysis was that of Law-
aczeck (6), who assumed that the velocity profile in the
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Fig. 1. Schematic diagram of falling cylinder viscometer showing
pressure distribution in the fluid.

annular slit could be taken to be nearly the same as that
for flow in a plane slit with fixed walls. These assumptions
were not made in a later treatment by Lohrenz, Swift,
and Kurata (8), who obtained an expression for the rate
of descent of the cylinder and further discussed problems
involved in a practical viscometer design.

In the following treatment the possibility that the fall-
ing cylinder instrument can be used for non-Newtonian
fluids is explored. Initially, it is assumed that: (1) the
annular slit is so small that the plane slit approximation
is valid, and (2) the falling cylinder moves downward
so slowly that, in solving the fluid equations of motion,
one can use the approximate boundary condition that the
fluid velocity at the falling cylinder surface is zero. Cor-
rection factors are then derived to correct for each of
these assumptions. Specifically, the power law and Ellis
models are used for simple shear flow with v, = v.(x),
v, = v, = 0; these models are written thus
Power law model:

dv,

n-1 dvz
dx

dx

Tez — — M

(1)

Elis fluid model:

dv, 1 [
dx Mo

T |7 ] - (2)

Tyz

Finally, we conclude by giving a differentiation method,
which provides the shear-stress vs. velocity-gradient curve
for any fluid.

Empirical functions of the types shown in Equations
(1) and (2) have been shown to be useful in a wide
variety of applications. Apparently the constants in Equa-
tion (2) are applicable in dimensional analysis of com-
plex flow systems, including those in which viscoelastic
phenomena are important (1).

It is believed that the falling cylinder system offers
greater potential as a device for studying non-Newtonian
materials than does the rolling-ball viscometer. For New-
tonian fluids Lewis (7) developed an analysis of the roll-
ing-ball viscometer; Bird and Turian extended his work
to the power law model (3). Certain aspects of these solu-
tions were helpful in developing the following treatment
for the falling cylinder viscometer.

EQUATIONS DESCRIBING THE FALLING CYLINDER

The equations needed to describe the viscometer in
Figure 1 are a force balance on the falling cylinder, a
statement of conservation of mass for the fluid, and a
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rheological equation, Our aim is to obtain an equation
for the velocity of descent of the falling cylinder.

A force balance on the falling cylinder in Figure 1 con-
tains several contributions: (1) force of gravity (acting
downward); (2) force due to the pressure difference in
excess of the hydrostatic pressure difference as shown in
Figure 1 (acting upward); and (3) force of the viscous
fluid streaming through the annular slit (acting upward).
In computing (3) it will be assumed that the ratio (L/eR)
is sufficiently great that end effects can be neglected;
it is also assumed that the falling cylinder is equipped
with fins to keep it centered.

The forces listed above, divided by the falling cylin-

der volume, are given by

Fowe = (po—p)g (3)
Fyies = (ap/L) (4)
vasc=27'W/(1_E)R (5)

in which 7, is the shear stress at the wall of the falling
cylinder. When the falling cylinder attains steady state,
the sum of all these forces must be zero.

A 27w
(—0p)g =—LE TR

(6)

A mass balance on the fluid states that the volume of
fluid displaced by the falling cylinder equals the volume
of fluid flowing upward in the annular slit.

7(1— &R v,= [«B —a(l—¢)R*]<0.> (7)
Equation (7) may be solved for v, to give

26[1— 3(e)]
(1] = ———— z 8
(1—¢)® <v-> ®)
A rheological equation gives ., in terms of dv./dx or
vice versa, and examples of such relations have been
given in Equations (1) and (2). Once such a relation
is specified, then one can find two functions:

Tw = fl (Ap) ( 9)
<v,> = fu(Ap) (10)
by elementary hydrodynamics.

The velocity of descent of the falling cylinder is then
obtained by solving Equations (6), (8), (9), and (10)
by eliminating r.,, <v.>, and Ap.

SOLUTION NEGLECTING CURVATURE AND MOVING
WALL BOUNDARY CONDITION

If the annular slit width is vanishingly small, it is pos-
sible to assume that the slit can be represented by two
parallel planes; it is also possible to neglect the small
falling cylinder velocity in writing down the boundary
condition on the velocity profile at x = — 1% (eR) (see
Figure 2a). For this degree of approximation (see refer-
ence 2, p. 62, Equation 2.E-1)

A
‘rw°=Tp-[1/2(€R)] (11)
1 1/2(cR)
<v,> P _[) v.dx (12)

where the superscript O denotes the zeroeth degree of
approximation. Equation (11) is valid for any rheological
model; however, Equation (12) depends on the choice of
model, and can be rewritten as [see reference 2, p. 68,

Prob. 2.0(b)]
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FALLING

Fig. 2. Coordinate system for viscous flow in
thin annular slit between the tube wall and
the falling cylinder, assuming slit can be re-
garded as a plane slit. (a) Velocity profile,
assuming falling cylinder velocity vp is so
small that it can be neglected with respect
to <v:>. (b) Velocity profile, with vy not
assumed negligible.

myJW?U?(—%QM% (13)

Combination of Equations (6), (8), (11), and (13) then

gives
€
4 ( 1_'2_)

) = T ER =

1/2(eR) (1-6) (0y-p) 9

, {— do./dx) e Atas (14)
which can be evaluated by using some specific relation
for dv./dx as a function of ...

The corrections to Equations (11) and (12) for curva-
ture (¢) and for the moving wall condition (m) will be
small. Hence, we introduce multiplicative factors in this
manner:

Tw = T Yrlrm = T ¥r
(15)
<Dz> = <Dz>o\l’vc¢vm = <Uz>o 4’0
(16)

The final expressions for v, can then be obtained by com-
bining Equations (6), (8), (11), (12), (15), and (16).
We now turn to the calculation of the combined correc-
tion factors ¥, and ., which may be developed as power
series in e,

CORRECTION TO THE AVERAGE VELOCITY

First we find the correction for the Newtonian fluid,
and then we show that the same correction seems to be
applicable to non-Newtonian fluids.

For the Newtonian fluid of viscosity u, the average
velocity in a plane slit of thickness (I — «)R = eR is
(see reference 2, p. 62, Prob. 2E, Ans.)

cos. _ AP ( 1—« )
z~7 811t — 8’1,[_, 2

(17)

Also, the flow in an annulus of radii xR and R with the
inner wall moving (see Figure 2b) is the same as §2.4 in
reference 2, except that the boundary condition at r =
xR is v, = — v,. Hence, the velocity distribution becomes
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In{

4ulL

V.

(18)

where { = r/R. The average velocity is found by inte-

grating Equation (18) across the annular slit; and if
Equation (8) is then used

Ap(«R)* [ 1+ 4

4uL 1—«

<0 >ran. cy1. = — Ink+ 1]

(19)

The velocity correction y, is then found by dividing
Equation (19) by Equation (17):

. <V >Fa1l. oyl

p =

1 S et leay
= =] —€e——=€ 4+ —¢
<0 >ane “T30° Va5

(20)

This is the final expression for the correction to <v.>
for Newtonian fluids. Note that for ¢ = 0.5, no terms of
order higher than ¢ need be retained. Next it is desired
to justify the use of the same correction factor for non-
Newtonian fluids. To do this ¢, is broken up into its com-
ponents, ¢,, and Y... and each of them is examined sep-
arately.

(1) First we consider y,,. For Newtonian fluids, the
average velocity in an annulus is (see reference 2, p. 53,

ApR2 ( 11—«

Equation 2.4-15)
" 1—4 )
8uL 1—« In x

The correction factor 1, is obtained by dividing Equation
(21) by (17) (see reference 2, pp. 62-63. Prob. 2.F).

_1+12+13+ 37 4+
Ve = Lt e Yoo Tameot T

<U=>Ann = (21)

(22)

Note that there is no term in € and that the coeflicients
of higher order terms are small. Hence, for small values
of ¢, this correction will not be of much importance.

For non-Newtonian fluids Equation (22) seems to be
valid in our range of interest. In order to prove this we
use Fredrickson and Bird’s results (5) for power law
fluids:

_ ApeR \’ eR T(s, &)
<02 an = ( omlL ) 26 1 2) [1_%(€)J(23)
o ApeR \* eR
<U.>s1it —( omL ) 2(8 T 2) (24)

in which s = 1/n and T(s, «) is a tabulated function of
Fredrickson and Bird. Hence
T(s, x)

Y T (a7

(power law) (25)

TABLE 1. PERCENT DIFFERENCE BETWEEN /4o IN
EquaTtions (22) anp (25)

K

s 0.6 0.7 0.8 0.9
1 0.06 0.02 0.01 0.00
2 0.46 0.21 0.09 0.02
3 0.67 0.36 0.17 0.04
4 0.99 0.42 0.22 0.06
ve Eq. - Yue Eq.
% Diff = id a4 28) ~ yee Eq. (22) x 100
Yoe Eq. (22)
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In Table 1 is shown the percent difference between ..,
as calculated by Equation (22) and Equation (25).

A further proof of the validity of Equation (22) can
be shown by using McEachem’s (11) recently calculated
results for Ellis fluid flow in annuli. He tabulated values
of <0,>sm €[l — Y(e)ln/Bry. as a function of
ApR/2L 11, @, and «, using an exact solution for annular
flow given by

<0.~,>Ann€[]— — 1 (6) ]770 . APR 1 ( A2 )2
Rrn T J:( ? ) £deE+

NV
() I

The approximate solution for Ellis fluid flow in a slit is
given by

a+l

Y e ta (26)

?‘—E

2z~ 811t€ 1— o
<v.> [R ’/a(e)]n_eg[l_%(e)]
T1/2

[i( ApRe) n 1 (ApRe ) ] (27)
3\ 2Lr, a+ 2 \2L7,

<Dz>Ann (Eq° 26)
<0, >s1it (Eq 27)

and

(Ellis model) (28)

l,buc -

In Table 2 is given the percent difference between .. as
calculated by Equation (22) and Equation (28).

It is interesting to note that Tables 1 and 2 suggest
that non-Newtonian annular flow can often be approxi-
mated very well by slit flow if one is interested in the
average velocity only. (In the appendix experimental data
are used to show that this approximation is indeed ap-
plicable.) For the problem at hand the error will be less
than 1% for s = 4 and « > 0.6. Hence, Equation (22)
can be applied with confidence in the viscometer analysis.

(2) Next we consider the factor ... For the New-
tonian fluid this moving wall correction is found by divid-
ing Equation (19) by Equation (21).

o <U;>ra11. oyl

1 1
= =]l—e—— e ...
<0:> aon T T T

(29)

vm

It should be noted that the product $,m * ¥, does in-
deed give ¥..

Next we would like to justify the use of Equation (29)
for non-Newtonian fluids. However, since an analytical
solution for <0>wu1. ¢n. is not available for any non-
Newtonian model, we content ourselves by considering
the analogous plane slit problem; that is, we compute om
for the limiting case of small e. For this purpose it is con-
venient to introduce a new coordinate £, which is zero at
x = — Y (eR) and is unity at x = — 12 (eR); the location
of the velocity maximum is then given as ¢ = \ (see
Figures 2a and 2b).

We now make the calculation for the power law model.
The equation of motion gives

and the rheological model is
—m(dv./dx)" E<
Tea — (31)
+ m{—dv,/dx)* £>x

Yol. 11, No. 5
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TABLE 2. PERCENT DIFFERENCE BETWEEN /5 IN
EquaTtions (22) anp (28)

K

a 0.5 0.6 0.7 0.8 0.9
1.5 0.74 0.35 0.15 0.10 0.00
2.0 1.04 0.54 0.25 0.10 0.10
2.5 1.35 0.74 0.30 0.10 0.05
3.0 1.60 0.88 0.39 0.12 —_
4.0 2.09 1.07 0.68 0.42 —_

” Yoe Eq. (28) — Yue Eq. (22)
% diff = x 100
\Pvc Eq. (28)

Solution for the velocity profiles gives (with s = 1/n)

eR (ApeR )"
v, = — ¥ +
s+ 1 mL

[(L—2)™— (E—A)]£>) (32)
_ eR ApeR Y’ s gent
u,—Hl(mL )i — 16 < (39)

We now equate these expressions at ¢ = \ and set

Vg

*=—% (ApeR ) (34)
s+ 1 mL

_¢0+ (1_)\)”1:)\'“1 (35)

Then

which determines A = A(¢o, ). We assume that A can be
written as a power series in ¢, and thereby solve Equa-
tion (35) to obtain

1 2 2% s(s—1) .
A—-z—[l—m—‘ﬁoﬂ'ﬁ-md’o +]
(36)

Clearly, when v, — 0, then A — 34, as it should in a slit.

From Equations (32), (33), and (36) one may cal-
culate <v.> for the moving wall slit and the stationary
slit and then get their ratio. When an expansion in pow-
ers of ¢, is made, one obtains

z Maov., it 2
%m__<"’_>_31__:1_[23( s+ )¢0]+

N <V pixed 11t s+ 1
(s—1) [ ( s+ 2 ) :r
2! o O (¢
2(s +2) s+ 1 # +00) +

(37)

Next, Equations (34), (24}, and (8) can be used to re-
write the result in terms of e:

3[ 28+ 7

l[;vm:l—e—E m]é +O(€)+...

(38)

Note that the term in brackets is a slowly varying func-
tion of s, going from unity for Newtonian fluids (s = 1)
to 5/6 for s = 4 (quite non-Newtonian). Hence, Equa-
tion (88) demonstrates that for flat plates, the term of
order e is independent of the fluid, and that the term in
¢ depends only slightly on the nature of the fluid. (A
similar calculation for the Ellis model leads to essentially
the same conclusions.)
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Finally, we can infer that Equation (29) will probably
be suitable for non-Newtonian fluids up through the term
in € and will be only slightly in error in terms of order ¢
and higher.

CORRECTIONS TO THE WALL SHEAR STRESS

For the Newtonian fluid the shear stress on the falling
cylinder can be calculated both for the true situation and
for the plane slit approximation. If we combine Equations
(18), (8), and (19), the velocity distribution for the
falling cylinder system becomes

ApR®
vz=j£z—[(l—l”)+(l+x2)ln£] (39)
Then
p du.
w = — Trg e ] 4:0
T T r=kR R dc &=« ( )
or
ApR 1— 1%
(Tu)mn. cyl. & gLe( [— 1— e(e)] ) (41)
For the plane slit approximation
ApR
('Tw)ﬂllt = 2’; : (42)
so that
1— %(e)
=T (43)
— €
The individual correction factors are found to be
1 1 29 7
e = 1 4 — —_—E At —E = ...
v tgetE Sttt
——l+1 +5 2-1-32 3—i—83 ‘-
b=l get ettt T
(45)

and the product 4., * ¥ is equal to ..

No effort is made to justify the use of Equation (43)
for non-Newtonian fuids, inasmuch as the correction o,
turns out to be less important than +,, as will be shown
presently.

FINAL RESULTS FOR EMPIRICAL MODELS

We can now combine the preceding results for the
Newtonian fluid and two non-Newtonian empirical mod-
els of interest. Specifically, for the Newtonian fluid we
combine Equations (6), (8), (11), (15), (18), and (17)
to obtain

_ 21 —%@Q] B[ Y  (p—0)g
° (1—¢)® Su (_2—-)% "

(46)

€

1
* 1—e

It should be noted that ¥, is more important than ¥, by
one order of magnitude.

‘For the power law model, we combine Equations (6)
(8), (11), (15), (16), and (24) to obtain

_25[1 — 1{e)] . eR

o —

>

(1—¢)® 2(s + 2)
eRY’ . (po—p)g :
(5) v [ I—*—} 0
+ 1—6 ‘p"’
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Similarly, for the Ellis model, one obtains

:25 [ 1— ]/2 (e)] ER’h/n

0 v

(I—¢)*  2m
17 (po—p)g eR +
2rs (14 — w)
1 (p—p)g R ““1 (48)
a+ 2 €
271/2(1+ 1— ¢ 4’1) J

From these results and experimental data on v, for vari-
ous (p,— p), one should be able to determine the model
parameters, provided that the fluids are indeed describa-
ble by the model.

For the power law fluid a plot of log v, vs. log (ps— p)
should be a straight line of slope s; the parameter m can
then be obtained from any pair of v, and (p, — p) values.

For the Ellis fluid, the procedure is more complicated.
Equation (48) can be written as

1 1
=T T® 9
r 3 + a+ 2 (49)
in which
‘Uo”]o(l - 5)2
r= 50
63371/2[1 _ ]/2(6)]‘!}" ( )
r___ (m—rlgeR (51)

2( < )
ma\ 1+

First a master plot of log T' vs. log T is made for various
values of « (solid curves in the sketch in Figure 8). Next
from the experimental data a plot of log v, vs. log (p, — p)
is made on transparent paper (dashed curves in Figure
3). The experimental plot is then slid around on the

Fig. 3. Sketch showing how to determine Ellis
model parameters from falling cylinder vis-
cometer data.
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master plot, keeping the axes of both plots parallel, until
the data points tall on one of the master curves; this de-
termines «. The displacements ¢ and y are measured, and
trom these one obtains 7y, and 5o

geR
2t<1+ 1_66 mpf)

_ {1— Y2() 1y
7o = €R Tl/Z'YTE—)—;— (58)

(52)

Tye =

This procedure enables one to see graphically whether a
fluid can indeed be described by the model in question.

DEDUCTION OF RHEOLOGICAL MODEL FROM FALLING
CYLINDER DATA

By combining Equations (8), (14), and (16), we ob-
tain the following expression for the rate of descent of
the falling cylinder:

4 (1_';‘)

vV, = ~ n
(p—p)'gR  (1—¢)
1/3(eR) (1-6) (pg-0) g
A (— du,/dx) Tez ths : '«Pv (54)

An expression for ¢, can be inserted explicitly from
Equation (20). When Equation (54) is multiplied by
(po — p)* and differentiated with respect to (p, — p), one
obtains

(~ dvz) _ {(1—¢)*
de /yan [1—%(e)]e,

1 d
(p—p)R d(po—0p

(1—1/2 S S )

(¢) 105 '2—0'6
1 d

(po—p) €R  d(po—p)

This velocity gradient is that at the wall for flow in a
plane slit with no motion of the walls. Furthermore, from
Equations (6), (11), and (15) we have the analogous
expression for the shear stress:

) [ve(po— P)E] =

[ve(po — p)°] (55)

(rae) wars = l/z(em(po-—p)g/ (1+——)-

[l—e—1%(e) + Ya(e) +...1 % (eR) (po—p)g (56)

From Equations (55) and (56) one can then deduce the
relationship between 7., and (— dv./dx) by making meas-
urements of v, for many values of p, (for known p, ¢, R,
and g). The velocity gradient is obtained by a differentia-
tion procedure in Equation (55) and the shear stress is
obtained from the simple formula in Equation (56). These
equations can be checked for the simple case of the power
law model by substituting Equation (47) into Equation
(55); in this way one finds that (— dv./dx) = (r../m)’,
which verifies that the levels of approximation in Equa-
tions (55) and (56) are consistent.

It, therefore, appears that the falling cylinder viscome-
ter data for non-Newtonian fluids can be interpreted in
order to get model constants or to deduce the non-New-
tonian viscosity of tht fluid.
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Fig. 4. Volume flow rate of 3.5% CMC-70-
medium in annulus (x = 0.624), Solid curve-—
Ellis model (« = 3.0, no = 22.7 poises,
t1/2 = 1,520 dynes cm.—2). Dashed curve—
. power law model (n = 0.280, m — 606 dynes
cm. 2 sec.n), Points——data of Fredrickson (4).
(Model parameters obtained from data -of
Fredrickson.)
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NOTATION

g acceleration due to gravity
L length of falling cylinder
m power law parameter

power law parameter

volume rate of flow

radius of outer (stationary) cylinder
power law parameter (s = 1/n)
variable defined by Equation (51)
= displacement shown in Figure 3
=velocity of fluid in slit at position x
average velocity of fluid in slit
velocity of falling cylinder

distance variable in slit (Figure 2)

1 | |

~
|

X

NE e mOS

s
S e
v
Ly

"

Greek Letters

a = Ellis model parameter

r = variable defined by Equation (50)

Ap = pressure difference in excess of hydrostatic dif-
ference between bottom and top of falling cylin-
der

y = displacement shown in Figure 3

€ = slit width divided by outer cylinder radius (e =
1—«)

7. = Ellis model parameter; zero shear viscosity
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14 = dimensionless variable, { = /R

x = ratio of inner cylinder radius to outer cylinder
radius

A = position of maximum velocity in slit

@ = Newtonian viscosity

¢ = dimensionless distance variable in slit (Figure 2)

p = fluid density

po = falling cylinder density

7o = shear stress at falling cylinder surface

Ter == shear stress of fluid in slit at position «

rye = Ellis model parameter—shear stress at 7 = 1% 7,

T = function tabulated by Fredrickson and Bird (5)

¢o = variable defined by Equation (34)

Yo, Yoo Yom ——)- corrections to average velocity in Equation
(16

W, Pre, Urm = corrections to wall shear stress in Equation
(15)
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APPENDIX. ANALYSIS OF AXIAL ANNULAR FLOW DATA

Annular flow data for several aqueous polymer solutions
were obtained by Frederickson (4) and by McEachern (10).
They compared plots of 4Q/xR°® vs. ApR/2L for experimental

4Q/#R3(seC™)
o

T

‘r
N

e M4 . -
10? 10*

AP R/2L(DYNES CM™)

Fig. 5. Volume flow rate of 0.3% Natrosol-H

in annulus (x = 0.5043). Solid curve—Ellis

model (@ = 1.7, no = 0.29, v1/2 = 45.2).

Doshed curve—power law model (n = 0.655,

m = 1.128). Points—data of McEachern (10).

(Model parameters obtained from data of
McEachern.)
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Fig. 6. Volume flow rate of 1.0% Natrosol-G in aennulus (¢ =

0.5043). Solid curve—Ellis model (¢« = 1.5, 1o = 031, 11/2 =

260). Dashed curve—power law model (n = 0.763, m = 0.893).

Points—data of McEachern (10). {Model parameters obtained from
data of McEachern.)

annular flow data with the following theoretical relation for
power law flow in an annulus, given by (§).

4 4e* +® ApR "\ ¢
4 - 'r(s,x)( P

ST (57)

nR? s+ 2

for an annulus made of inner and outer cylinders of radii xR
and R, respectively. Power law parameters for the various
fluids were obtained from capillary tube viscometric data. The
values obtained from Fredrickson’s data are given in (4), but
the values obtained from McEachern’s data were obtained by
fitting the data as well as possible over the entire shear stress
range. (These parameters were reevaluated because McEachern
chose his m and n to fit that shear stress range that was the
most important for his annular flow experiments, thereby
prejudicing the values in favor of a good description of the
annular data.)

A theoretical relation for the volume rate of flow of an
Ellis fluid in an annulus can be obtained by using the relation
for Ellis fluid flow in a slit multiplied by the curvature correc-
tion for average flow rate. This results in

4Q N 452[1 —_ 1/2(5)]\[/“, Tie [ 1 ( AT)RE ) +
R Mo 2LT1/2

3
1 ( ApRe )" ]
a2 2Ly
where Y. is the function given in Equation 22. Ellis fluid
parameters were obtained by a graphical procedure described
by Matsuhisa and Bird (9).

The volume flow rates are shown in Figures 4, 5, and 6. The
solid curve is the theoretical relation for the Ellis model
[Equation (58)], and the dashed curve is the relation for
the power law model [Equation (57)]. It can be seen from
these plots that the Ellis model curve fits the data better than
the power law curve, especially for 3.5% carboxymethyl cellu-
lose (CMC) Figure 4. Also, it is noted that the slit relation for
the Ellis model multiplied by the curvature correction to the
flow rate is applicable to annular flow.

(58)
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